We present systematic calculations of energy levels of the 1s 2 2l and 1s2l2l ′ states of ions along the lithium isoelectronic sequence from carbon till chlorine. The calculations are performed by using the relativisticconfiguration-interaction method adapted to the treatment of autoionizing core-excited states. The relativistic energies are supplemented with the QED energy shifts calculated within the model QED operator approach. A systematic estimation of the theoretical uncertainties is performed for every electronic state and every nuclear charge. The results are in agreement with existing high-precision theoretical and experimental data for the ground and first excited states. For the core-excited states, our theory is much more accurate than the presently available measurements.
I. INTRODUCTION
Lithium-like ions are among the simplest atomic systems. Their spectra can be described in ab initio theoretical calculations very accurately. For light atoms, the presently most powerful calculational approach is based on the nonrelativistic quantum electrodynamics (NRQED) expansion of energy levels in powers of α and Zα (where α is the finestructure constant and Z is the nuclear charge number). Highprecision NRQED calculations were performed by Puchalski and Pachucki for the lowest-lying states of Li and Be + [1] [2] [3] . In the region of heavy ions, the best results are presently obtained within the alternative approach that accounts for all orders in the nuclear binding strength parameter Zα but expands in the electron-electron interaction parameter 1/Z. Calculations by this method were performed by Shabaev and coworkers [4] [5] [6] [7] for the ground and first excited states of Li-like ions with Z ≥ 10. It is important to point out that both these methods were able to produce predictive results, i.e., their results contain estimates of theoretical errors obtained without referring to experimental data.
For the core-excited states of Li-like ions, there have been no rigourous QED calculations accomplished so far. Previous calculations were performed using various methods, notably, the multi-configurational Dirac-Fock method [8, 9] , the variational nonrelativistic approach with inclusion of leading relativistic effects [10] , and many-body perturbation theory (MBPT) [11] . None of these calculations were able to provide estimations of theoretical errors.
In our previous investigation [12] we obtained predictive results for energies of the 1s2l2l ′ core-excited states of Li-like ions in the nuclear charge region Z = 18 − 36. By combining results obtained by the relativistic configuration-interaction method with the one-loop QED effects calculated in effective screening potentials, we were able to produce theoretical predictions with an accuracy better than what is presently achievable in experiments, see, e.g., the recent measurement of the Kα transitions in iron [13] . Such accuracy opens possibilities of using theoretical energies of Li-like ions for calibration of experimental X-ray spectra for ions with a larger number of electrons, for which accurate calculations are presently not possible.
With the range of Z computed in Ref. [12] , possible calibrations are restricted to the X-ray energies beyond 3 keV. The energy range of most third-and fourth-generation synchrotron light sources, however, lies in the region of smaller X-ray energies [14] . High-quality calibration sources are urgently needed for the energy range between the carbon and the chlorine K-edges.
The present situation with calibration standards in the soft-X-ray regime has recently been examined by Müller and coworkers [15] with emphasis on photon energies near the neon K-edge at approximately 870 eV. In numerous experiments performed by various techniques (see Table I of Ref. [15] ), the 1s→3p dipole transition energy in neutral neon has been measured, with results ranging between 867.05 and 867.69 eV with quoted uncertainties of typically 50 to 80 meV but discrepancies reaching up to 640 meV. This situation clearly shows the need for new and reliable calibration standards in the soft-X-ray energy region.
Precise knowledge of the satellite transition energies are also required for the diagnostics of hot laboratory plasmas, particularly those in the magnetically-confined-fusion research. High-quality theoretical energies are considered to be critical for a proper fit of spectral lines and, accordingly, a better plasma diagnostics [16, 17] .
Partly motivated by the needs described above, the goal of the present work was to extend our previous calculation of the n = 2 valence and core-excited states of Li-like ions [12] to the lower-Z region. This task turned out to be less straightforward than it seemed and required significant alterations of our original computational approach, for two reasons. First, the interaction of the autoionizing core-excited reference states with closely-lying continuum states became more pronounced for low-Z ions than it was for heavier ions, which led to poor convergence of the results with respect to the basis size. Second, the computation of the QED effects for the nuclear charges as low as Z = 6 in the same way as it was done in Ref. [12] turned out to be not possible because of technical difficulties and numerical cancellations, which grow fast as Z is decreased. Our ways for overcoming these problems are discussed in the next two sections.
II. CONFIGURATION-INTERACTION METHOD FOR CORE EXCITED STATES
We start with outlining the main features of the configuration-interaction (CI) method, which is by now one of the standard approaches in atomic structure calculations, see, e.g., Refs. [18, 19] . The CI N -electron wave function Ψ(P JM ) with a definite parity P , total angular momentum J, and angular momentum projection M is represented as a finite sum of configuration-state functions (CSFs) with the same P , J, and M ,
where γ r denotes the set of additional quantum numbers that determine the CSF. The CSFs are constructed as linear combinations of antisymmetrized products of one-electron orbitals ψ n , which are positive-energy eigenfunctions of some one-particle Dirac Hamiltonian (which corresponds to the socalled no-pair approximation). In our implementation of the CI method, we used the one-particle Dirac Hamiltonian with the frozen-core Dirac-Fock potential. The eigenvalues and eigenfunctions of the Dirac Hamiltonian are constructed by the dual-kinetic-balance (DKB) method [20] from a finite set of B-spline basis functions. This approach yields a discrete representation of the continuum part of the Dirac spectrum, in which the density of the continuum states increases as the number of basis functions is enlarged. For a given number of B-splines n a , all Dirac eigenstates ψ n with the energies 0 < ε n ≤ mc 2 (1 + Zα ǫ) and the orbital quantum number l ≤ L max were included into the one-electron basis of our CI calculations. The dependence of the calculated results on the parameters n a , ǫ, and L max was carefully studied in order to provide estimates of the numerical uncertainty (see Tables I and II of Ref. [12] for examples of the analysis of the basis convergence).
The energies of electronic states and the corresponding expansion coefficients c r are obtained as the eigenvalues and the eigenvectors of the matrix of the Dirac-Coulomb-Breit (DCB) Hamiltonian in the space of the CSFs,
The DCB Hamiltonian is
where the indices i, j = 1, . . . , N numerate the electrons, h D is the one-particle Dirac-Coulomb Hamiltonian, and V C and V B are the Coulomb and the Breit parts of the electronelectron interaction. The matrix elements of the Hamiltonian are represented as linear combinations of one-and twoparticle radial integrals,
where a, b, c, and d numerate the one-electron orbitals, d rs and v
rs are the angular coefficients, I(ab) are the oneelectron radial integrals, and R k (abcd) are the two-electron radial integrals. We refer the reader to our previous papers for formulas and details of the implementation of the method [12, 21] .
In the present work we would like to use the CI method for computing energy levels of core-excited states with energies above the autoionization threshold. For such states, the interaction of the reference state with the closely-lying continuum 1s 2 εl states (with energy ε > mc 2 ) might be significant and should be properly accounted for. In our previous calculations [12, 21, 22] , we addressed this issue by using increasingly large sets of one-electron orbitals and by studying the convergence of the results. In the present work, however, we are interested in the lower-Z ions where the interaction with the continuum states is more significant and the convergence of the results for such a straightforward approach often becomes unsatisfactory.
Let us consider the 1s2s 2 2 S state as an example. It is the lowest-lying core-excited state and its energy is significantly influenced by the interaction with the closely-lying continuum 1s 2 εp 1/2 states. If we increase our basis of one-electron orbitals in a straightforward way, we observe that at a certain level of precision our results stop to converge but start to oscillate instead. We would like to emphasize that this problem reveals itself only when we increase the density of the continuum states in the "problematic" region near the energy of the reference state. If we had not changed the density, we might have not even become aware of this problem.
It turns out that the instabilities of the convergence of energies can be traced back to the situations when a continuum 1s 2 εp 1/2 state happens to be closely degenerate in energy with the reference state. We found out that the convergence with respect to the basis can be drastically improved if we "balance" our discrete representation of the continuum spectrum in such a way that the energies of the two nearest continuum states are on the same distance from the energy of the reference state (one continuum state below the reference state, and the other above).
The same situation occurs for other core-excited states, but the degree of the coupling to the continuum and, therefore, the D state is very much so. Moreover, the latter couples not only with the l = 1 continuum states (as is the case for the S and P states), but also to the l = 2 ones. Table I We observe that the proposed balancing of the spectrum of one-electron orbitals significantly improves the convergence of the calculated CI energies, which entails an improvement of the estimated accuracy by up to two orders of magnitude.
Let us now discuss how do we produce a balanced discrete representation of the one-electron continuum spectrum. In our approach, the one-electron orbitals are taken from the finite basis set representation of the Dirac Hamiltonian with the frozen-core Dirac-Fock potential, obtained by the DKB B-spline method [20] . The B-splines are defined on a radial grid, whose form outside of the nucleus is exponential,
where A = ln(t max /t 0 ), t max is the radial cutoff parameter and t 0 is the nuclear radius. In the present work, we introduce a continuous parameter γ in the definition of the radial grid,
After that, the energies of the continuum states of the Bspline representation of the one-electron Dirac Hamiltonian spectrum become functions of the parameter γ, ε n ≡ ε n (γ).
By varying γ (typically, by 10-20% from the standard value γ = 1), we were able to adjust the energy positions of the two nearest continuum states to be symmetrical with respect to the reference-state energy. In practice, we repeated our CI calculations for different values of the parameter γ, adjusting this parameter until the separation energies of the two closestlying continuum states from the reference state were equal. In these calculations it was sufficient to restrict the basis by L max = 1 for the S and P states and by L max = 2 for the D states, since the higher-L continuum states do not cause any problems.
III. QED EFFECTS
In the present work we evaluated the leading QED effects to the energy levels by means of the model QED operator approach [23] . We used the implementation of this method in the form of the QEDMOD package [24] . Since the published version of the package had a restriction of the nuclear charge Z ≥ 10, we had to extend it to the lower values of Z. We did this by performing numerical calculations of the one-loop self-energy matrix elements for the ns, np j , and nd j states for Z = 3 − 9 by the method described in Ref. [25] (extending Tables I -IV of Ref. [23] ). In order to establish the level of accuracy of the model QED operator approach in the region of low nuclear charges, we compared values obtained with the QEDMOD package with results of rigourous QED calculations for the 1s 2 2s and 1s 2 2p 1/2 states. Such calculations were accomplished for the lightest Li-like atoms within the NRQED approach [1] and for heavier Li-like ions within the all-order in Zα method [5, 7] . The comparison is presented in Table II . From this compari- son, we conclude that the QEDMOD package reproduces results of rigorous QED calculations for the total energies to accuracy of better than 1%.
IV. RESULTS AND DISCUSSION
Numerical results of our calculations of the energy levels for the ground 1s 2 2s state, the first two valence-excited 1s 2 2p j states and the core-excited 1s2l2l ′ states of Li-like ions are listed in Table III . The results are given for ions along the lithium isoelectronic sequence starting from carbon (Z = 6) and ending with chlorine (Z = 17). For the ground state, the table presents ionization energies, i.e., energies relative to the ground state of the corresponding He-like ion. For the valence-excited states, we present energies of the 1s 2 2p 1/2 state relative to the ground 1s 2 2s state and the 2p 3/2 -2p 1/2 fine-structure interval, since they usually appear in the literature in this form. For the core-excited levels, the center-of-gravity (cg) energies relative to the ground state and the fine-structure intervals (J-J ′ ) are listed. The labelling is as follows: "Coul" stands for the Dirac-Coulomb energies, "Breit" denotes the correction due to the Breit interaction, "NMS" is the normal mass shift, "SMS" is the specific mass shift, "QED" denotes the QED correction. Further quantities are: µ, the reduced mass, R, the root-mean-square nuclear charge radius, and cg, the center-of-gravity energy of the multiplet level. Table III presents the total theoretical energies as well as individual theoretical contributions. For each level the DiracCoulomb energy and corrections to it due to the Breit interaction, the normal mass shift (NMS), the specific mass shift (SMS), and the QED effects are provided. The theoretical uncertainty comes from two main sources: the Dirac-CoulombBreit (DCB) energy and the QED correction. The uncertainty of the DCB energies was estimated by performing a series of CI calculations with 20-30 different basis sets and by analysing consecutive increments of the results as the basis set was increased in different directions (see Ref. [12] for details). The uncertainty of the QED energy shifts was estimated on the basis of the analysis presented in Sec. III. For single energy levels, we assume the uncertainty of the QED correction to be 1%. For the energy differences, we take the smallest of the two values, 4% of the QED correction to the energy difference and the two QED uncertainties for the two states added quadratically.
For the fine-structure intervals, the QED correction and its uncertainty largely cancel in the difference, so our theoretical values are more accurate for these intervals than for the centerof-gravity energies. The remaining theoretical uncertainty is dominated by the estimated error of the DCB energies, obtained by adding quadratically the uncertainties for the two levels.
Our final theoretical results for the wavelengths of the 22 strongest 1s2l2l ′ →1s 2 2l transitions are summarized in Table IV. The transitions are labelled from "a" to "v", following the widely used notations by Gabriel [29] . [29] .
41.36411 (27) 
9.296314 (46) We now turn to analyzing the obtained results. We start with comparing our predictions with benchmark theoretical and experimental results available for the ground and first excited states of Li-like ions. Rigorous QED calculations to all orders in the nuclear binding strength parameter Zα were performed in Refs. [4, 6, 7, 30] , yielding the presently best theoretical results for the 1s 2 2s, 1s 2 2p 1/2 , and 1s 2 2p 3/2 states of Li-like ions with Z ≥ 10. The ionization potential of the 1s 2 2s state was not presented explicitly but can be extracted. The corresponding comparison is presented in Table V . Excellent agreement with the results of the rigorous QED calculations confirms that we were able to keep the electroncorrelation and QED effects in our calculations well under control.
Table VI presents a comparison of our predictions for the 2p 1/2 -2s transition energies with the best theoretical and experimental data. There are remarkably many experimental results with accuracy significantly better than that of our predictions, most of them produced decades ago and summarized in Ref. [32] . The rigorous QED calculations [7] provide results only for Z = 10 and 15 in the region of Z relevant for the present work. Because of this, we also compare our values against the MBPT results of Ref. [34] supplemented by the QED correction evaluated separately in Ref. [35] . Although these results do not have estimations of uncertainties, they reproduce the experimental data remarkably well. We observe 2 P state, the fine structure has been measured up to an accuracy significantly higher than that of our theoretical predictions. The agreement between theory and experiment is very good for Z ≤ 13, but for Z = 14-17 we observe deviations on the level of 2-3 σ. For the 1s2s2p 4 P o and 1s2p 2 4 P e fine structure, our theory is more accurate than experiment.
In Table VIII we compare our theoretical results with the experimental data on the multiplet separation center-ofgravity energies of the core-excited P levels. In this case, theory and experiment are on a similar level of accuracy. The agreement is very good for Z ≤ 10 and deteriorates somewhat for Z = 12 and 13.
Finally, in Table IX we present a comparison of theoretical and experimental results for the center-of-gravity energies of different levels relative to the ground state. In this case the accuracy of our theory is significantly higher than that of the experimental data. The agreement is good in the case of carbon. For higher-Z ions, however, we observe numerous devi- [44] ations between theory and experiment, and between different experiments. We attribute these discrepancies to difficulties to reliably assign the energy scale in such X-ray measurements.
Conclusion
We performed extensive relativistic calculations of the energy levels and the fine-structure splitting of the n = 2 valence and core-excited states of Li-like ions. The Dirac-CoulombBreit energies were obtained by the configuration-interaction method adapted for treatment of autoionizing core-excited states. By using specially balanced basis sets, we were able to improve the convergence of our results and enhance the numerical accuracy of the calculated energy levels by up to two orders of magnitude as compared to that for the standard basis. The uncertainty of the Dirac-Coulomb-Breit energies was evaluated by analysing the convergence of the results with respect to the number of partial waves included and the size of the one-electron basis.
The relativistic energies were supplemented with the QED energy shifts. To this end, the model QED operator approach as implemented by the QEDMOD package was used. In order to cover the range of the nuclear charge numbers Z aimed at in the present work, we extended the QEDMOD package (originally limited to Z ≥ 10) to the lower values of Z. The uncertainty estimation of the QED energy shifts was based on the comparison with results of rigorous QED calculations available for the ground and first excited states of Li-like ions.
The main result of the present work is the tabulation of theoretical energy levels and transition wavelengths for the 1s 2 2l and 1s2l2l
′ states of ions along the lithium isoelectronic sequence from carbon to chlorine. All our theoretical predictions are supplied with uncertainties that include estimations of effects omitted in the theoretical treatment. For the 1s 2 2l states, our results agree well with the benchmark theoretical and experimental results available in the literature. For the core-excited 1s2l2l ′ energy levels, our theory is by an order of magnitude more accurate than the measurements performed Table IV of Ref. [45] is added quadratically to the energy scale uncertainty of 0.05 eV mentioned in the text. a using the ionization energy of the ground state of the corresponding ion from Table III. so far, which opens possibilities for using theoretical predictions for calibrating experimental X-ray and electron spectra.
